Let H be a graph (respectively digraph) whose vertices are called ~colours'. An H-colourinq of a graph (respectively digraph) G is an assignment of these colours to the vertices of G so that if u is adjacent to v in G, then the colour of u is adjacent to the colour of v in H. We continue the study of the complexity of the H-colouring problem 'Does a given graph (respectively digraph) admit an H-colouring?'. For graphs it was proved that the H-colouring problem is NPcomplete whenever H contains an odd cycle, and is polynomial for bipartite graphs. For directed graphs the situation is quite different, as the addition of an edge to H can result in the complexity of the H-colouring problem shifting from NP-complete to polynomial. In fact, there is not even a plausible conjecture as to what makes directed H-colouring problems difficult in general. Some order may perhaps be found for those digraphs H in which each vertex has positive in-degree and positive out-degree. In any event, there is at least, in this case, a conjecture of a classification by complexity of these directed H-colouring problems. Another way, which we propose here, to bring some order to the situation is to restrict our attention to those digraphs H which, like odd cycles in the case of graphs, are hereditarily hard, i.e., are such that the H'-colouring problem is NP-hard for any digraph H' containing H as a subdigraph. After establishing some properties of the digraphs in this class, we make a conjecture as to precisely which digraphs are hereditarily hard. Surprisingly, this conjecture turns out to be equivalent to the one mentioned earlier. We describe several infinite families of hereditarily hard digraphs, and identify a family of digraphs which are minimal in the sense that it would be sufficient to verify the conjecture for members of that family.
I. Introduction and preliminaries
Let H be a graph (respectively digraph) whose vertices are called 'colours'. An H-colourin9 of a graph (respectively digraph) G (or a homomorphism G-*H) is an assignment of these colours to the vertices of G so that if u is adjacent to v in G, then For arbitrary directed graphs the situation seems more complex, as additions to H can result in the complexity of the H-colouring problem shifting from NP-complete to polynomial. For example, if H is the digraph constructed from C4wC6 by identifying a vertex on each directed cycle, then H-COL is NP-complete [2, 13] . On the other hand, it is easy to see that a given digraph is (HwC2)-colourable if and only if it is
C2-colourable, hence, (H•C2)-COL
is polynomial. We propose to bring some order to the situation by restricting our attention to those digraphs H which, like odd cycles in the case of graphs, are hereditarily hard, i.e., are such that the H'-colouring problem is NP-hard for any digraph H' containing H as a subdigraph.
After introducing preliminaries in the remainder of this section, we define, in Section 2, the class of H-colouring problems we call 'hereditarily hard' and study some of their properties; we make a conjecture as to precisely which digraphs belong to this class. The concept of hereditary hardness is extended in Section 3. Some families of hereditarily hard colouring problems, consistent with the conjecture, are described in Section 4, and tools which enable the construction of other such families are described. Finally we describe, in Section 5, a set S of digraphs which has the property that a directed graph H satisfies the hypotheses of (the unproved part of) Conjecture 2.5 if and only if there is a digraph in S which admits a homomorphism to H. It follows from our results that it would suffice to prove the conjecture for the directed graphs in S.
We use the terminology of 116, 10], subject to the exceptions and additions mentioned below.
The equivalent digraph of a graph G is the directed graph obtained from G by replacing each edge by two oppositely oriented directed edges. Similarly, if D is a directed graph, and for vertices u and v both of the directed edges uv and vu exist, we sometimes say that u and v are joined by a double edge, or an undirected edge; in our diagrams these are drawn as undirected edges. If a subdigraph H of a digraph D is the equivalent digraph of an undirected graph, it is referred to as an undirected H. (where addition is modulo n). Similarly, P,, the directed path of length n, (n >~ 11 is assumed to have vertex-set V(P,)={0,1 ..... n}, and edge-set E(P,)=rti(i÷lj: i=0,1 ..... n--l}.
Directed graphs D and H are homomorphically equivalent if there exist homomorphisms D--,H and H--,D.
This defines an equivalence relation on the set of directed graphs; we denote the equivalence class of G by I-G]. The set of equivalence classes is partially ordered by the order <h, where [G] [8, 32]) if it is not homomorphically equivalent to any proper subdigraph (i.e., it is its own core).
In light of the definitions and discussion so far, the first (i.e., polynomial) part of Conjecture 1.1 is clearly true. The unproved part states that the H-colouring problem is NP-complete for every smooth core which is not a directed cycle.
For our NP-completeness proofs we will use the following reductions.
Let I be a fixed digraph, and let u and v be distinct vertices of I. The indicator construction with respect to (I, u, v) transforms a given digraph H into the digraph H*, defined to have the same vertex set as H, and to have as the edge set all pairs hh' for which there is a homomorphism of/to H taking u to h and v to h'. The triple (I, u, v) is called an indicator, and, if some automorphism of I maps u to v and v to u, it is called a symmetric indicator. (The result of the indicator construction with respect to a symmetric indicator can be defined to be an undirected graph [ 16] ). Certain types of restricted indicators play an important role in the construction of hereditarily hard H-colouring problems (see Section 4) . It is proved in [16] that if the H*-colouring problem is NP-complete, then so is the H-colouring problem. To use this construction to prove NP-completeness, care must be taken to assure that H* has no loops, i.e., that no homomorphism of I to H can map u and v to the same vertex, because if H* has a loop then H*-COL is polynomial. An indicator (I, u, v) such that no homomorphism of I to H maps u and v to the same vertex is a good indicator (for H).
Let J be a fixed digraph, with specified vertices x and jl ,j2 .. subindicator construction is independent of the specified vertices h~, h 2 ..... h t. In this case we call (J,X, jl,J2 ..... Jr) a free subindicator, and refer to the subindicator construction with respect to (J,x, free). It is proved in [16] that ifH is a core and the H--colouring problem is NP-complete, then so is the H-colouring problem.
Let G be a digraph, and let Wbe a walk in G. The net length of W, nl(W), is equal to the number of 'forward' edges in W minus the number of 'backward' edges in W (an edge xy is forward if x precedes y in W, otherwise it is backward). It is proved in [15] (and follows from our earlier remark) that a digraph G does not admit a homomorphism to any directed cycle C, with n > 1 if and only if it possesses a collection of oriented cycles (equivalently: closed walks) C1, C 2 ...
In this paper we will sometimes use the term NP-hard instead of NP-complete. This is because sometimes we are able to give a polynomial time Turing reduction to the problem in question, but unable to give a polynomial time transformation (cf. [10, pp. 113, 118-120] ). Since any NP-complete problem can be considered to be NP-hard, the use of this terminology is justified. It should be noted, however, that all Hcolouring problems are in NP, and that all of our NP-hard H-colouring problems are at least as hard as any other problem in NP. (Some authors would replace the term N P-hard by the more descriptive (and cumbersome) term 'N P-complete with respect to Turing reduction'.)
The definition and some properties
Let H be a graph (respectively digraph). We say that H-COL (and H) is hereditarily hard if H'-COL is NP-hard for every loopless graph (respectively digraph) H' which contains H as a subgraph. It follows from the main theorem in [16] that each undirected graph that contains an odd cycle is hereditarily hard. The proof that theorem can be viewed as having two main steps. First it is proved that if the graph H contains an odd cycle, then there is a graph H', which contains K3, such that H'-COL polynomially transforms to H-COL. It is then proved that H'-COL is NP-complete whenever H' contains K3, i.e., that K3 is hereditarily hard.
A polynomial extension of a digraph H is a loopless digraph H' such that H'-COL is polynomial and H' contains H as a subdigraph. Unless P = NP, a directed graph is hereditarily hard if and only if does not admit a polynomial extension. Note that if H'-COL is polynomial, then H' is a polynomial extension of itself. In particular then. every undirected bipartite graph has a polynomial extension. As a second example.. consider an acyclic digraph A such that A-COL is NP-hard (see [12, 13, 18, 9, 27] ) A transitive tournament with the same number of vertices as A is a polynomial extension of A. Our first proposition describes an infinite family of hereditarily hard digraphs. More such families are described in Section 4. Proof. Suppose that H is a subdigraph of G. Let G* be the undirected graph that results from applying the indicator construction with respect to (C2,0, 1) to G. Since G* contains an odd cycle, G*-COL is NP-complete. (According to our definitions, G* is actually the equivalent digraph of an undirected graph. This is not a problem, since it is clear that a graph F admits a homomorphism to the underlying simple graph corresponding to G* if and only if the equivalent digraph of F admits a homomorphism to G*.) The result now follows. [] It follows that the equivalent digraph of any nonbipartite undirected graph is hereditarily hard.
The set of directed graphs is partially ordered with respect to inclusion, that is,, G <i H if G is a subdigraph of H. Minimal elements with respect to this order are called i-minimal digraphs. The set of hereditarily hard graphs is, by definition, an upper order ideal with respect to this order. The next result states that the set of equivalence classes of hereditarily hard digraphs is also an ideal with respect to the homomorphism order.
Lemma 2.2. Let G be a fixed diyraph. These are equivalent: (l) The H-colourin9 problem is NP-hard whenever G <i H. (2) The H-colourin9 problem is NP-hard whenever G <h H.
Proof. (1) =~ (2): Assume (1), and suppose that there is a homomorphism of G to H. Consider H+= GwH. Then G is a subdigraph of H ÷, so the H+-colouring problem is NP-hard. Since H and H ÷ are homomorphically equivalent, the H-colouring problem is also NP-hard. 
Lemma 2.4. Let v be a source (sink) of H. Then H is hereditarily hard if and only if H-v is hereditarily hard.
Proof. (~) If P=NP, there is nothing to prove. Assume that P#NP, and suppose that H-v is not hereditarily hard; thus it admits a polynomial extension G. Let G~ be the superdigraph of G constructed by adding a new vertex x and the edges {xy: that admits a homomorphism to a directed cycle of length greater than one has a polynomial extension. Every smooth digraph which we know to have a polynomial extension admits a homomorphism to a directed cycle of length greater than one.
Assuming that P#NP, the above two lemmas imply that a hereditarily hard digraph must have a connected component with at least two directed cycles, since otherwise the digraph obtained by repeatedly applying Lemma 2.4 to remove sources and sinks is either empty or a disjoint union of directed cycles, and by Lemma 2.3 such a digraph is not hereditarily hard. (Also note that all of the digraphs covered by Conjecture 1.1 have a connected component with at least two directed cycles.i It follows from the above discussion that the/-minimal hereditarily hard digraphs are those connected smooth digraphs which do not admit a homomorphism to any directed cycle of length greater than one, and are critical in the sense that every proper subdigraph lacks at least one of these properties. Conjecture 2.5. Let H be a connected digraph. If R(H) does not admit a homomorphism to a directed cycle of length greater than one, then H is hereditarily hard. Otherwise H has polynomial extension.
The second statement is true since, as we have noted, any digraph which admits a homomorphism to a directed cycle of length greater than one has a polynomial extension.
The reduction of H can be used to extend the implications of Conjecture to be a directed cycle (or even empty) and H-COL to be NP-hard (see [27] ). We will prove that, surprisingly, Conjectures 1.1 and 2.5 are equivalent.
Let H be a smooth digraph; then H has a directed cycle. Let g be the directed girth (i.e., the length of a shortest directed cycle) of H. Since no directed cycle admits a homomorphism to a larger directed cycle, H is not C,-colourable for any n greater than g. This, together with the observation that any directed graph is Cx-colourable. allows us to talk about the largest d for which there is a homomorphism of H to Ca. Further, if H is strong, then the path P can be chosen to be a directed path, and so each component of H* is also strong.
We now show that no component of H* admits a homomorphism to a directed cycle of length greater than one. Again without loss of generality consider H ° as above. Assume that u is a source of Q, the argument being similar if u is a sink of Q. By our choice of v, the path Q has net length zero or d. The vertices So,S1 ..... Sk are alternately sources and sinks of Q. Let T= u, tl, t2 ..... tk-1, V be the derived walk in H*. By definition of H*, the (u, tl)-section of T has net length zero when i is even, and net length one when i is odd, for i= 1,2, ...,k-1. By Lemma 2.6 the digraph H ° is smooth, and does not admit a homomorphism to a directed cycle of length greater than one; hence H°= R(H°). Since we are assuming Conjecture 2.5 is true, H°-COL is hereditarily hard, and therefore H-COL is NPhard.
(1.1) ~ (2.5): Assume that Conjecture 1.1 is true, and let H' satisfy the hypotheses of Conjecture 2.5. Let G' be a digraph that contains H', and let G be the core of G'.
It is not hard to see that G contains a homomorphic image H of H'. Consider R(G). Since H is smooth, R(G) contains H; hence R(G)
is not homomorphically equivalent to a directed cycle. Moreover, since R(G) is smooth, it satisfies the hypotheses of Conjecture 1.1. Since we assuming Conjecture 1.1 is true, R(G)-COL is NP-hard. Therefore the G-colouring problem is also NP-hard. This completes the proof. '12 Corollary 2.8. It suffices to prove Conjecture 1.1 for digraphs that do not admit a homomorphism to any directed cycle of length greater than one.
Proof. Suppose Conjecture 1.1 is true for all connected smooth digraphs that do not admit a homomorphism to a directed cycle of length greater than one. Let H be a connected smooth digraph, and let d be the largest positive integer such that there is a homomorphism of H to Cal. Let H* be the result of applying the indicator construction with respect to (Pal, 0, d) to H. By Lemma 2.6 the digraph H* has exactly d connected components, none of which admit a homomorphism to a directed cycle of length greater than one. Let K be a connected component of the core of H*. Then K is smooth and does not admit a homomorphism to a directed cycle of length greater than one. By hypothesis, K-COL is NP-hard. In [-2] it is proved that if D=AwD is retract-free, and A-COL is NP-hard, then D-COL is also NP-hard. Therefore the H-colouring problem is NP-hard. This completes the proof. []
An extension of hereditary hardness
Let H be a digraph that admits a homomorphism to a directed cycle of length n. Then H has a polynomial extension, namely HwC,, and so H-COL is not hereditarily hard unless P--NP. In this section we introduce a generalization of hereditary hardness that enables us to establish complexity theorems, similar to hereditary hardness, for some directed graphs which have a polynomial extension. Our strategy is to impose enough restrictions on the superdigraphs of H to be considered so that, in this restricted family of digraphs, the presence of H as a subdigraph of a digraph G is sufficient for G-COL to be NP-hard. For example, let H be the digraph constructed from the equivalent digraph of K3 by subdividing every directed edge. Suppose G is a superdigraph of H that contains no directed two-cycle. Then (C4,0,2) is a good indicator. The result G* of applying the indicator construction with respect to (C4, 0, 2) to G contains an undirected three-cycle. By Proposition 2.1, the G*-colouring problem is NP-complete. Thus, if we restrict our attention to digraphs with no directed two-cycle, the G-colouring problem is NP-complete for any superdigraph G of H. More examples are given in Section 4.
Motivated by the above discussion, we make the following definitions. Let S be a set of directed graphs. A digraph H is hereditarily hard with respect to S if the following two conditions are satisfied: (i) if G is a loopless digraph in S, then the G-colouring problem is NP-hard whenever H is a subdigraph of G, and (ii) at least one such G exists. A digraph G is called a polynomial extension of H with respect to S if G is in S, the digraph H is a subdigraph of G, and the G-colouring problem is polynomial. It is clear that if P ~ NP, a digraph is hereditarily hard with respect to S if and only if it has no polynomial extension with respect to S.
It follows from the definition that if H is hereditarily hard, H-COL is NP-hard. This need not be the case if H is hereditarily hard with respect to a collection of digraphs. For example, it is proved in I-4] that any oriented odd cycle is hereditarily hard with respect to the set of 'partitionable' digraphs, while on the other hand, it is easy to construct oriented odd cycles C for which the C-colouring problem is polynomial (e.g. see [12, 13, [17] [18] [19] [20] ).
Most of the results in Section 2 hold in this more general setting, although not necessarily for arbitrary sets (some statements may not make sense with respect to sets defined to forbid some of the hypotheses). More specifically, Lemmas 2.2 and 2.3 hold for any set S such that GwH is in S whenever G and H are both in S, and Lemma 2.4 is true with respect to the set of digraphs with no closed directed walk of length k (for some fixed k), among others. In all instances, the modifications needed to the proofs are minor, and the reader should have little difficulty adding the missing details.
Some families of hereditarily hard digraphs
The purpose of this section is to give some examples of the digraphs discussed in Sections 2 and 3. Although the focus is on hereditarily hard digraphs, we also give some examples of digraphs which are hereditarily hard with respect to Lk = {G: G has no closed directed walk of length k}.
Let S be a set of directed graphs. An hh-indicator with respect to S is an indicator (I, u, v) such that for every loopless digraph G that contains a homomorphic image of I in which u and v are identified, either G is not in S, or G-COL is NP-hard. It follows from this definition that ifG is in S and G* has a loop, then G is hereditarily hard with respect to S. An hh-indicator is an indicator (I, u, v) such that every loopless digraph G that contains a homomorphic image of I in which u and v are identified is hereditarily hard.
The importance of hh-indicators is illustrated in the following lemma.
Lemma 4.1. Let (I,u, v) be an hh-indicator with respect to S. Let H* he the digraph that results from applying the indicator construction with respect to (I, u, v) to H. fill* is hereditarily hard, then H is hereditarily hard with respect to S.
Proof. Let GeS, and suppose H is a subdigraph of G. Let G* be the result of applying the indicator construction with respect to (l,u, v) to G. There are two possibilities, depending on whether G* contains a loop. If G* contains a loop, then G must contain a subdigraph which is a homomorphic image of I such that u and v map to the same vertex. Thus G-COL is NP-hard. Otherwise, G* is a loopless digraph that contains the hereditarily hard digraph H*, so the G*-colouring problem is NP-hard. Consequently G-COL is also NP-hard. This completes the proof. E3 Fig. 1 ). Then any homomorphic image of I in which the vertices 1 and 3 identified is also an image of an undirected three-cycle. Hence, by Lemma 2.2, (I, 1,31 is an hh-indicator. Let G = H, and let G' be the digraph constructed by replacing each edge xy of G by a copy of I, and identifying 1 with x and 3 with y. The result of applying the indicator construction with respect to (I, 1, 3) to G' is G (an undirected three-cycle). Hence G' is hereditarily hard. The general procedure is as follows. Suppose H is hereditarily hard, and let wu be an edge of H. Let v be a new vertex, and set I = (H--wu) + wv. Any homomorphic image of/in which u and v are identified is also an image of H. Thus, by Lemma 2.2, (I, u, v) is an hh-indicator. Now, let G be hereditarily hard, and let G' be the digraph obtained by replacing each edge xy of G by a copy of I, and identifying u with x, and v with y. The result of applying the indicator construction with respect to (I, u, v) to G' contains G. Hence G' is hereditarily hard.
Lemma 4.1 can also sometimes be used to construct digraphs which are hereditarily hard with respect to a given set S of directed graphs. As an example, we construct a digraph H which is hereditarily hard with respect to L2={G: G has no closed directed walk of length two}. The procedure is analogous to the above. Since any loopless homomorphic image of C4 in which vertices 0 and 2 are identified contains a directed two-cycle, (C4,0,2) is an hh-indicator with respect to L2. Let H* be the undirected three-cycle, and let H be the digraph obtained by replacing each (undirected) edge xy of H* by a copy of C4, identifying 0 with x and 2 with y (see Fig. 2 ). Since H is in L2, there exists a superdigraph of H with the appropriate property. It is easy to verify that the result of applying the indicator construction with respect to (C4,0, 2) to H contains an undirected 3-cycle, which is hereditarily hard. Thus H is hereditarily hard with respect to L2. This procedure works in general. Let (l,u,v) be an hhindicator with respect to S, and let H* be a hereditarily hard digraph. If H is the digraph which results from replacing every (directed) edge xy of H* by a copy of (I, u, v), and identifying the pairs of vertices u, x and v, y, then the result of applying the indicator construction with respect to (1, u, v) to H contains H*. It is, however, not clear that there is a superdigraph of H that belongs to S. Suppose such a digraph G exists. Let G* be the result of applying the indicator construction with respect to (l,u,v) to G. If since G* has a loop, then G-COL is NP-hard, since (I,u,v) is an hh-indicator. If G* is loopless, then since G* contains H*, G*-COL is NP-hard. Therefore H is hereditarily hard with respect to S. We now describe several infinite families of hereditarily hard digraphs. Each of these directed graphs in turn gives rise to a collection of infinite families of hereditarily hard digraphs (constructed as above, via Lemma 4.1), and also to the infinite family of hereditarily hard digraphs that contain it.
Let n be an integer greater than or equal to three. The digraph W,, the wheel with n spokes, is defined to be digraph constructed from C,w{v} by adding the undirected edges {[v, c]: c in V(C.)}. The digraph ~] is shown in Fig. 3 . If n is odd, IV* is an undirected n-cycle, and if n = 2 (mod 4) it is the union of two undirected (n/2)-cycles. Since undirected odd cycles are hereditarily hard (Proposition 2.1), the result follows from Lemma 4. shown in Fig. 4 . The result T* of applying the indicator construction with respect to (I, u, v) to T~ contains the undirected odd cycle 0, 2j, 4j ..... 2j + 2, 0, which is hereditarily hard. This completes the proof. El
We now describe examples of digraphs which are hereditarily hard with respect to L k = { G: G has no closed directed walk of length k }. The set of digraphs with property L2 is precisely the set of orientations of simple graphs.
Let G be a digraph. An edge uv of G is said to be bypassed if there is a vertex w such that the edges uw and wv exist. For any positive integer i, let B2~+1 be any digraph constructed from C21+ 1 by adding a bypass to at least one out of every i consecutive edges (of the (2i+ 1)-cycle). The bypasses may use existing or new vertices. Proof. Any homomorphic image of Czi+ 2 in which vertices 0 and i + 1 are identified contains a closed directed walk of length i+ 1. Hence (Czi+ 2,0, i+ 1) is a symmetric hh-indicator with respect to L~+I. Let B* be the result of applying the indicator construction with respect to (C2~+ 2,0, i+ 1) to B2~+ 1. Since, for any x, the directed (x, x +i+ 1)-path along C2i + 2 contains at least one bypassed edge, the undirected edge [x+i+l,x] is present in B*. Thus B* contains the undirected (2i+l)- cycle  O,i, 2i ..... i+1,0 . The results follows. [] The next result provides a method to construct digraphs that are hereditarily hard with respect to different sets than the ones considered so far. In Lemma 4.1 we showed that if the result of the indicator construction (with respect to an hh-indicator) is hereditarily hard, then H is hereditarily hard with respect to a given set. Below we show that if the result of the indicator construction is a hereditarily hard digraph, then we can find a set S of directed graphs such that H is hereditarily hard with respect to S. Proof. Since H* has no loops, H is in S. Furthermore, H-COL is NP-hard. Let G be a superdigraph of H. Let G* be the result of applying the indicator construction to G. Then two possibilities arise: either G* has a loop, in which case G contains a homomorphic image of I in which u and v are identified, or G* is hereditarily hard. That is, the G-colouring problem is NP-hard whenever H is a subdigraph of G and G is in S. Therefore H is hereditarily hard with respect to S. This completes the proof. [] We conclude this section with an example of this construction. Let I be the four-vertex oriented path with edge set ux, xy, vy, and let H be the digraph constructed from an undirected three-cycle by replacing each edge xy with a copy of I and identifying u with x, and v with y. The result H* of applying the indicator construction with respect to (I, u, v) to H is an undirected three-cycle, which is hereditarily hard. Thus H is hereditarily hard with respect to {G: G contains no homomorphic image of I in which u and v are identified} ={G: G has no transitive triple}. Thus the Gcolouring problem is NP-hard whenever the loopless directed graph G contains H and has no transitive triple.
The h-minimal digraphs
In Section 2 the /-minimal hereditarily hard digraphs were described, under the assumption P ~ NP. It would suffice to prove Conjecture 2.5 for the directed graphs in this class.
In this section we describe a family S of directed graphs which contains the h-minimal digraphs, again, assuming P ¢-NP. The set S has the property that a digraph D satisfies the conditions of Conjecture 2.5 if and only if some member of S admits a homomorphism to D. By Lemma 2.2 it would suffice to prove Conjecture 2.5 for these digraphs. A set of h-minimal digraphs can be constructed by choosing from S a representative from each minimal equivalence class with respect to the homomorphism order. 
